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Fig. 1 Sail geom-
etry and notation

in the equilibrium equation of the sail

p = T(d0/ds) (7)

where s is the arc length of the sail and T the tension in the
sail per unit depth.

First neglect the centrifugal correction and correct the
shape of the sail studied by Daskin and Feldman.4 For
simplicity assume that 0- is independent of p. Thus one
gets immediately

2g» = re de re d6 =
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If one retains the centrifugal term, one must solve the

integrodifferential equation

dsfj cos0' sin0' ~t def =

a + 2(7sin0) (11)

Putting <t>(0) = (ds/dff) sin20 and differentiating Eq.
(11), one finds

<£'(0) + cot0

which has the solution

2a cos0 (12)

T T
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for, from Eq. (11), when 0 = 0L| 0(0 L) = (2y2g«,)(l + 2(7-
sin0z,) .

Thus one finds
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a sin0x) [cos0L - cos0(sin 0L/sin0)] +

(7(0 - 6L) (16)

The aerodynamic forces and moments on the sail follow
immediately from resolving and taking moments of the
attaching forces, and are simply expressed in terms of the
sail geometry.2"5
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Mechanism of the Accelerated Burning
of Ammonium Perchlorate at

High Pressures

O. R. IRWIN,* P. K. SALZMAN^ AND W. H. ANDERSEN^
Aerojet-General Corporation, Downey, Calif.

The linear burning rate of ammonium per chlorate
previously has been shown to undergo a marked
increase in pressure dependence at high pressures.
The effect was considered to result from an in-
creased burning surface area formed by a shear
process at the burning surface as a result of the
high pressure. The possibility that the steep
thermal gradient existing at the burning surface
at high pressures also could lead to the shear stress
responsible for cracking is investigated. The
analysis indicates that thermal stress is almost
solely responsible for the cracking over the entire
pressure range of the burning rate experiments.

THE deflagration characteristics of pure ammonium
perchlorate (AP) strands previously have been investi-

gated by means of a closed-bomb strand burning technique
at pressures from 1000 to 23,000 psi.1 The data are in gen-
eral agreement with vented-chamber AP burning-rate data
of other investigators at pressures from 1000 to 5000 psi. At
pressures above 5000 psi (the pressure limit of previously re-
ported studies), a marked increase in pressure dependence of
the linear burning rate occurs.

The observed increase in burning rate was considered to
result from an increased burning surface area produced by
the action of the very high pressures in the closed bomb.1
It was postulated that the pressure (i.e., stress) acting upon
the nonhomogeneous burning surface caused shearing that
gave rise to increased burning area by forming new cracks
and pores or by enlarging existing cracks and pores. The
crack growth process was analyzed in terms of the Eyring
theory of creep and fracture. A geometrical model was
presented which considers the accelerated burning process
as a development of micro-cracks that form into conically
shaped burning surfaces, the area of which depends upon the
pressure. The model was in good agreement with the experi-
mental burning-rate data and with the pressure vs time data
for individual burning-rate experiments at pressures above
5000 psi.
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Although the basic assumption of the model that acceler-
ated burning results from a stress-induced formation of new
burning surface appears plausible, certain doubts exist as to
the nature of the process that causes the stress responsible
for crack growth. It has been suggested2 that a stress might
be induced by thermal expansion of the inhomogeneous pressed
solid when the hot "combustion wave" propagates into it.
The stress involved would be related to the temperature gra-
dient, which would increase with burning rate and hence with
ambient pressure.

The suggestion that thermal, rather than mechanical, ef-
fects may play a dominant role in deflagration-induced crack
propagation is attractive, particularly in the case of a brittle
material such as AP. In support of such a view are the
observations of Bowden, Yoffe, and their co-workers3 and
of Patry and Lafitte4 on cracking accompanying the deflagra-
tion of crystals at low pressures. (Even in these instances,
however, the possibility exists that the pressure in such
cracks may differ appreciably from ambient pressure.) The
observed cracking of sapphire crystals during high-speed
sliding-friction experiments has been analyzed Quantitatively
by Miller5 in terms of the thermal stresses produced by the
high temperatures in the contact area.

To test the thermal cracking hypothesis, the relative con-
tributions of the shear stresses induced by the thermal gradient
and by pressure at various pressure levels are estimated as
follows. The variation of burning surface temperature Ts
with pressure may be found by combining a relationship6

for the linear pyrolysis rate of AP,

B = 12.2T, exp(-22,000/J2!r.) in./sec (1)
with the expression for the linear surface regression rate
(i.e., the normal burning rate r&i),

rbi = 0.065P0-251 in./sec (2)

to give

12.2TS exp(-22,000#77
8) = 0.065P0-251 (3)

Equation (3) was solved iteratively for Ts vs P on an IBM
1620 computer. The resulting data were used to compute
an assumed temperature profile beneath the burning AP
surface at a number of pressures by means of an expression7

for the effect of moving heat sources upon the temperature
distribution in solids:

(Tx - - To) = (4)

where Tx is the temperature at a distance x beneath the hot
surface, Ts and T0 are the temperature of the burning surface
and ambient temperature, respectively, kd is the thermal
diffusivity of the solid, and v is the velocity of the moving
heat source (i.e., the burning surface); this velocity is con-
sidered to be the normal burning rate r&i. The temperature
gradient at a point x beneath the surface is then

(T,-
dx)x kd

(5)

Equation (4) was used to calculate the temperature pro-
files in burning AP at pressures of 5000, 10,000, and 20,000
psi (Fig. 1), and the (maximum) thermal gradient at the AP
surface (i.e., x = 0) was computed at various pressures
(Fig. 2), with kd = 2.92 X 10~4 in.2/sec and TQ = 300°K,
using Eq. (5).

In the previously reported model,1 the chamber pressure
was considered responsible for crack formation and/or propa-
gation through an associated shear stress <TP related to the
pressure (i.e., compressive stress) by the expression

= p/n (6)

A similar expression can be written for the relationship be-
tween the thermal gradient and the shear stress aT generated
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Fig. 2 Effect of pressure on the thermal gradient at the
surface of burning ammonium perchlorate

by a thermal expansion5 for the case of one-dimensional heat
conduction:

= (#20 dT/dx (7)

where G is the shear modulus, I the length of the specimen,
and <t> the coefficient of thermal expansion. Assuming that
the total shear stress is the sum of the shear stresses due to
the thermal gradient and the pressure, an estimate of the
magnitudes of err and <TP gives an indication of the relative
contributions of these stresses to crack propagation. For
the case of o>, the factor n will not differ appreciably from
unity so that the magnitude of aP may be considered essen-
tially equal to the pressure. To estimate <TT, the previ-
ously calculated values of (dT/dx)x=*o (Fig. 2) must be com-
bined with the term (<j>Gl). Although the required data for
AP are not available, the values used by Miller5 of 0, G} and
I for sapphire at high temperature permit a crude estimate to
be made. In the given units, the (0(20 term of Eq. (7) is
also essentially unity, so that the relative contributions of
or and o-p to the total stress are given directly by the magni-
tudes of (dT/dx)x=0 and P, respectively. The results of this
calculation are shown in Fig. 3.

The results indicate, in agreement with the suggestion of
Friedman,2 that the thermally induced stress cry is almostv

solely responsible for crack propagation over the entire pres-
sure range of the burning-rate experiments. The use of the
actual values for the temperature-dependent "constants"
(2, 0, n, and kd for AP conceivably might alter the absolute
magnitudes of err and o>, but it is unlikely that the ratio
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Fig. 3 Ratio of thermal stress to pressure stress at the
surface of burning ammonium perchlorate as a function of

pressure

O-T/O-P could be lowered sufficiently to make the effect of ap
on cracking predominant.

It should be noted that in the previously proposed model1

the expression for cracking velocity was

v = 2a sinh/3P (8)
where the constant ft contains the arbitrary conversion con-
stant n relating chamber pressure to the shear stress [Eq.
(6)], which is responsible for cracking. The present analysis
indicates that this stress arises from the pressure-dependent
thermal gradient rather than from the pressure itself. Since
the thermal stress is nearly linear in pressure for P > 5000
psi (Fig. 2), the model essentially is unaffected.

Certain factors not considered in the present treatment also
may affect the cracking process. Crystal phase changes,
with associated possible changes in crystal density (e.g., the
change of orthorhombic to cubic AP at 240 °C), may be in-
volved in the cracking. This effect has been observed ex-
perimentally by Bowden and McAuslan in the thermal de-
composition of silver azide.3 Also, if the deflagrating mate-
rial melts during decomposition, cracking may be prevented,
either by relieving thermal stresses at the burning surface or
by preventing penetration of hot gases into existing pores.
The latter mechanism has been postulated by Taylor8 to
explain the absence of accelerated burning at low pressures
in the burning of porous HMX charges.
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Initial Behavior of a Gun-Tunnel Piston

TAKEO SAKURAI*
Kyoto University, Kyoto, Japan

RECENTLY, the gun-tunnel has been used widely for the
investigation of hypersonic flow. As is well known, it

produces hypersonic flow with very high stagnation tempera-
ture by means of a piston motivated by the pressure differ-
ence between the high- and the low-pressure chambers.
The behavior of the piston is essential to the performance of
the apparatus, so that many studies of it have been made.
Because of the mathematical difficulties, however, there is
no analytical expression for the initial behavior of the piston.
Hence, it will be interesting to obtain such an expression even
for a very extreme condition. In this note the initial be-
havior of the gun-tunnel piston with a very small pressure
difference is investigated by the small-perturbation method.

An infinitely long straight channel is divided by a dia-
phragm into high- and low-pressure chambers, and a piston
is placed close to the diaphragm in the low-pressure chamber.
The problem here is to discuss the behavior of the piston after
bursting of the diaphragm within the small-perturbation
method and without considering friction between the piston
and the channel walls.

The basic equations of the one-dimensional unsteady mo-
tion of a compressible perfect fluid within the small-pertur-
bation approximation are as follows:

Pi = + Pi1 pi —

pi =

— Pio + Pi'

o =

(1)

(3)

where P, p, U, t, x, and C indicate the pressure, density,
velocity, time, position, and sound speed, respectively. The
subscripts 1, 2, and 0 indicate quantities in the high-pressure
chamber, the low-pressure chamber, and the undisturbed
state, respectively.

The initial conditions at the instant the diaphragm bursts
are

= p2' = 0 U, = = 0

The boundary conditions on the piston are

Ul\x = /(*) - 0 = Uz\x = f(t) + 0 = /'(O

mf = P! - P2

(4)

(5)

(6)

where m is the mass of the piston and x = f(f) describes the
locus of the piston in the (x, t) plane. The last equation is
simply the equation of motion for the piston.

The general solution of the wave equation (3) can be ob-
tained as follows :

CW) + Gi(x - CW) (7)

Substituting (7) into the initial conditions (4), it can be
shown that <pi and <p2 are both zero below the wave front
in Fig. 1, i.e., the fluid in both the high- and the low-pressure
chambers is not disturbed until the wave front reaches it.
Then, by the continuity of the potential on the wave front,
the solution in the region between the wave front and the
piston can be obtained as follows :

(8)
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